Abstract. We consider the Polish group obtained as the rank-completion of an inductive limit of finite special linear groups. This Polish group is topologically simple modulo its center, it is extremely amenable and has no non-trivial strongly continuous unitary representation on a Hilbert space.
Introduction
Let F q be a finite field with q = p h elements and let SL n (q) be the special linear group over F q . We denote by r(k) the rank of a matrix k ∈ M n (F q ). We equip the groups SL n (q) with the (normalized) rank-distance, d( , h) := 1 n r( − h) ∈ [0, 1]. Note that d is a bi-invariant metric, which means that it is a metric such that d( h, k) = d(h, k) = d(h , k ) for every , h, k ∈ SL n (q). For every n ∈ N, we consider the diagonal embedding ϕ n : SL 2 n (q) → SL 2 n+1 (q), defined by ϕ n ( ) :=
Observe that for every n, ϕ n is an isometric homomorphism. We denote by A 0 (q) the countable group arising as the inductive limit of the family {(SL 2 n (q), ϕ n )} n and observe that we can extend the rank-metric d canonically to A 0 (q). Let A(q) be the metric-completion of A 0 (q) with respect to d, i.e., A(q) is a Polish group and the natural extension of the rank-metric is complete and bi-invariant. The purpose of this note is to study the topological group A(q).
Date: May 30, 2017. In many ways one can think of A(q) as a finite characteristic analogue of the unitary group of the hyperfinite II 1 -factor, which arises as a certain metric inductive limit of the sequence of unitary groups U(2) ⊂ U(4) ⊂ U(8) ⊂ · · · , analogous to the construction above. However, the group A(q) reflects at the same time in an intrinsic way asymptotic properties of the sequence of finite groups SL n (q) -in particular of the interplay of group structure, normalized counting measure, and normalized rank-metric. In this note we want to develop this analogy and prove various results that show similarities but also differences to the II 1 -factor case. Some of the techniques that we are using are inspired by the theory of von Neumann algebras whereas others are completely independent.
Our main result is the following theorem.
Theorem. The Polish group A(q) has the following properties:
• every strongly continuous unitary representation of A(q) on a Hilbert space is trivial, • the group A(q) is extremely amenable, • the center of A(q) is isomorphic to F × q and the quotient by its center is topologically simple, • it contains every countable amenable group and, in case q is odd, the free group on two generators as discrete subgroups.
Before we start recalling some of the concepts that are used in the statement of the theorem, let us make some further remarks. In a similar way, one can form an inductive limit of unital rings
where again, the normalized rank-metric allows to complete M 0 (F q ) to a complete von Neumann regular ring M(F q ). Following von Neumann, we can view M(F q ) as the coordinatization of a continuous geometry, see [27] for more details. The unit group of this ring is naturally isomorphic to A(q). Indeed, any invertible element in M(F q ) must be the limit of invertible elements and a rank-one perturbation takes care of the determinant. Note that the algebra M(F q ) does not depend on the special choice of inclusions. Indeed, Halperin showed in [19] that (in complete analogy to the II 1 -factor situation) any choice whatsoever yields the same algebra. We thank Gábor Elek for pointing out Halperin's work.
Unitary representability. We recall that a group is unitarily representable if it embeds in the unitary group of a Hilbert space as a topological group and it is exotic if every continuous unitary representation on a Hilbert space is trivial, see [3] . While all second countable locally compact groups are unitarily representable -via the regular representation -there are several examples of Polish groups that are not unitarily representable. For example, the Banach space ℓ p is unitarily representable if and only if 1 ≤ p ≤ 2, [25] , see also [12, 13] . The first example of an exotic group was found by Herer and Christensen in [20] and a surprising result of Megrelishvili, [26] , states that the group of orientation preserving homeomorphisms of the interval has no non-trivial unitary representation (not even a representation on a reflexive Banach space). However, most of the known examples of exotic groups are either abelian or do not have a compatible bi-invariant metric.
Amenability and extreme amenability. A topological group is said to be amenable if there exists an invariant mean on the commutative C * -algebra of left-uniformly continuous complexvalued functions on the group. It is a standard fact that any topological group that admits a dense locally finite subgroup is amenable -in particular, the group A(q) is amenable for any prime-power q. See Appendix G of [4] for more details. A topological group is said to be extremely amenable if each continuous action of the group on a compact topological space admits a fixed point. See [29] for more details. Let us remark that every amenable exotic group is extremely amenable. Indeed, by amenability, any action on a compact space preserves a probability measure; since the Koopman representation of the action is by hypothesis trivial, the measure has to be a Dirac measure. The first example of an extremely amenable group was found by Herer and Christensen and they proved extreme amenability exactly by showing that the group is amenable and exotic. Nowadays, several examples of extremely amenable groups are known, for example the unitary group of a separable Hilbert space [18] , the automorphism group of a standard probability space [14] , and the full group of a hyperfinite equivalence relation [15] . However as for the previous property, most of the known examples do not have a compatible bi-invariant metric.
Generalizations and Open problems. The proof of the theorem is robust and can be generalized to other (inductive) sequences of non-abelian finite (quasi-)simple groups of increasing rank. Let us finish the introduction by listing a number of open problems that we find interesting and challenging.
• Is A(q) contractible?
• Is A(q)/F × q simple? • Does it have a unique Polish group topology?
• More generally, is every homomorphism from A(q) to another Polish group automatically continuous? • Does it have (isometric) representations on a reflexive Banach space?
• Does A(q)/F × q have the bounded normal generation property, see [6] ? The first question has a positive answer in the case of the hyperfinite II 1 -factors by work of Popa-Takesaki [31] , but we were unable to generalize the methods to our setting. A more detailed study of the more basic properties of the algebras M(F q ) and their unit groups A(q) will be subject of another study.
No non-trivial unitary representations
In this first section, we will prove that A(q) has no non-trivial continuous representation on a Hilbert space, that is we will show that A(q) is exotic. Definition 1.1. A complex continuous function ψ on a Polish group G is positive definite if ψ(1 G ) = 1 and for every a 1 , . . . , a n ∈ C and all 1 , . . . , n ∈ G, we have
A positive definite function χ is a character if it is conjugation invariant, that is for every , h ∈ G, we have χ(h h −1 ) = χ( ).
We will use some easy facts about positive definite functions which are covered in the Appendix C of [4] . For example the Cauchy-Schwarz inequality for positive functions implies that such functions have their maximal value at the identity so that any positive definite function is bounded in absolute value by 1. We say that a positive definite function is trivial if ψ( ) = 1 for every ∈ G. Every positive definite function ψ also satisfies the following standard inequality, which can be found in [4, Proposition C.4.2]:
There is an important relation between positive definite functions and unitary representations: the GNS construction; any positive definite function gives rise to a unitary representation and the diagonal matrix coefficients of any unitary representation are positive definite functions. In particular, a group without any non-trivial continuous positive definite function has no non-trivial strongly continuous unitary representation on a Hilbert space, see Appendix C of [4] for more informations.
The following useful proposition will be needed in the course of the proof.
Proof. For every k, the field F q 2 k+1 is an algebraic extension of degree 2 of F q 2 k , hence there exists
For every k, and for every ∈ SL 2 n (q 2 k+1 ) there are are 0
It is a straightforward computation to show that for every , h ∈ M 2 n (F q 2 k+1 ), we have that
Composing the maps
we obtain an inclusion SL 2 n (q 2 m ) ֒→ A 0 (q) that extends the standard inclusion SL 2 n (q) ֒→ A 0 (q). This finishes the proof.
Remark 1.3. Using the idea in the proof of Proposition 1.2, one can even show that the inclusion SL 2 n (q) ֒→ A 0 (q) extends to SL 2 n (q 2 ∞ ) := ∪ n SL 2 n (q 2 m ) -a special linear group over an infinite field. The characters of the group SL 2 n (q 2 ∞ ) were completely classified by Kirillov [21] for n > 1 and by the work of Peterson and the second author [30] for n = 1. Any non-trivial irreducible character of SL 2 n (q ∞ ) is induced by its center, that is, χ( ) = χ(h) for every non-central , h ∈ SL 2 n (q ∞ ). This can be used in a straightforward way to show that the group A(q) has no non-trivial continuous character. Note that Alt(2 n ) ⊂ SL 2 n (q) and that also the work of Dudko and Medynets [7] can be invoked to study characters on A(q). Now, Theorem 2.22 of [1] states that any amenable Polish group which admits a complete bi-invariant metric is unitary representable if and only if its characters separate the points. Whence, our observation from above implies readily that A(q) cannot be embedded into any unitary group of a Hilbert space as a topological group. Note that only recently, nonamenable polish groups with a complete bi-invariant metric were found, which are unitarily representable but fail to have sufficiently many characters, see [2] .
In order to show that A(q) does not have any unitary representation on a Hilbert space, we will show that every continuous positive definite function is trivial. For this, we need the following lemma. Lemma 1.4. Let q be a prime power and let ψ : SL n (q) → C be a positive definite function. If there exists a non-central element ∈ SL n (q) such that |1 − ψ(x −1 x)| < ε for some ε ∈ (0, 1) and for all x ∈ SL n (q), then
Proof. We set
and note that χ : SL n (q) → C is a character. Hence, we can write
where π runs through the non-trivial irreducible representations π of SL n (q), χ π denotes the normalized character of π, and λ + π λ π = 1, λ ≥ 0 and λ π ≥ 0 for all π. By a result of Gluck [16, Theorem 3.4 and Theorem 5.3], for every non-central element h ∈ SL n (q) and every non-trivial, normalized, and irreducible character χ π we have |χ π (h)| < 8/q. By our assumption |1 − χ( )| < ε and thus
We conclude that
For fixed h, the preceding inequality, Markov's inequality and the fact that ϕ is bounded in absolute value by 1 imply that
and hence that at least 2/3 of all elements in the conjugacy class of h satisfy
Since this holds for all conjugacy classes, we can set
and conclude that |A| ≥ 2/3 · |SL n (q)|. Therefore for any h ∈ SL n (q), the set A ∩ hA −1 ∅ and thus there exist k 1 , k 2 ∈ A such that h = k 1 k 2 . So the inequality (⋆) yields
and hence
This proves the claim.
Let us now fix a positive definite function ψ : A(q) → C. Let ε > 0 and choose δ > 0 such that d(1 A(q) , x) < δ implies |1 − ψ(x)| < ε. For n large enough, the group SL 2 n (q) will contain a non-central element with d(1 A(q) , ) < δ. By conjugation invariance of the metric, we conclude that |1 − ψ(x x −1 )| < ε for all x ∈ A(q). Moreover, SL 2 n (q) ⊂ SL 2 n (q m ) ⊂ A(q) as explained in Proposition 1.2. So applying the previous lemma to SL 2 n (q m ), we get that the restriction of ψ to SL 2 n (q) satisfies
Since this holds for any m ∈ N, we conclude that |1 − ψ(h)| ≤ 9(2ε) 1/2 for all h ∈ SL 2 n (q) and n large enough. Since ε > 0 was arbitrary, we must have that the restriction of ψ to any SL 2 n (q) is trivial, and hence by density of A 0 (q) in A(q) we can conclude the proof.
Remark 1.5. For the proof of our main theorem, it is not necessary to apply Gluck's concrete estimates. Indeed, it follows already from Kirillov's work on characters of SL n (k) for infinite fields k [21] that character values of non-central elements in SL n (q) have to be uniformly small as q tends to infinity. This is enough to conclude the proof. One can see the existence of small uniform bounds either by going through the techniques in Kirillov's proof (see also the proof of Theorem 2.4 in [30] ) or by applying Kirillov's character rigidity to a suitable ultra-product of finite groups SL n (q) (for n fixed and q variable) which can be identified with SL n (k), where k is the associated ultraproduct of finite fields, which is itself an infinite field.
2. A second route to extreme amenability 2.1. Lévy groups. As outlined in the beginning, every amenable and exotic group is extremely amenable. However, there is a different route to extreme amenability using the phenomenon of measure-concentration. In this section, we want to show that A(q) is a Lévy group and hence extremely amenable. See [29] for more background on this topic. A similar approach was recently carried out in [5] to give a direct proof that the unitary group of the hyperfinite II 1 -factor is extremely amenable. As a by-product, we can give explicit bounds on the concentration function that are useful to give quantitative bounds in various non-commutative Ramsey theoretic applications.
Definition 2.1.
A metric measure space (X, d, µ) consists in a set X equipped with a distance d and measure µ which is Borel for the topology induced by the metric, see [29] . In the following we will always assume that µ is a probability measure. Given a subset A ⊂ X we will denote by N r (A) the r-neighbourhood of A, i.e., N r (A) := {x ∈ X | ∃y ∈ A, d(x, y) < r}. The concentration function of (X, d, µ) is defined as
Definition 2.2. A sequence of metric measure spaces (X n , d n , µ n ) with diameter constant equal to 1, is a Lévy family if for every r ≥ 0,
A Polish group G (with compatible metrid d) is called a Lévy group if there exists a sequence (G n ) n of compact subgroups of G equipped with their normalized Haar measure µ n , such that (G n , d| G n , µ n ) is a Lévy family. If this is the case, we say that the measure concentrates along the sequence of subgroups.
The relationship with extreme amenability is given by the following theorem which can be found in [29, Theorem 4.1.3].
Theorem 2.3. Every Lévy group is extremely amenable.
Our second route to extreme amenability is therefore to show that (SL 2 n (q)) n is a Levy family with respect to the normalized counting measure and the normalized rank-metric. Theorem 2.4. The normalized counting measure on the groups SL 2 n (q) concentrates with respect to the rank-metric. In particular, A(q) is a Lévy group and hence extremely amenable.
The proof of the theorem is a straightforward application of the following theorem, whose proof can be found in [ 
be a chain of subgroups. Denote by a i the diameter of the homogenous space H i /H i−1 , i = 1, . . . , n, with regard to the factor metric. Then the concentration function of the metric-measure space (G, d, µ), where µ is the normalized Haar measure, satisfies
Proof of Theorem 2.4. Let us fix a base {e 1 , . . . , e n } of F n q . Using the previous theorem, it is enough to show that the diameter of SL n (q)/SL n−1 (q) is smaller than 2 n , where SL n−1 (q) < SL n (q) is the subgroup fixing e n . For this, it is enough to show that for every ∈ SL n (q), there exists h ∈ SL n−1 (q) ⊂ SL n (q), such that r(h −1) ≤ 2. Let V be a 2-dimensional vector space containing e n and e n and let V ′ be a complement. There exists h ′ ∈ SL(V) with h ′ ( e n ) = e n . Hence, (h ′ ⊕ 1 V ′ ) e n = e n and thus (h ′ ⊕ 1 V ′ ) ∈ SL n−1 (q). Moreover,
Ramsey theory.
The crucial concept behind the strategy in the previous proof is the notion of length of a metric measure space, which is bounded by the value ( i a 2 i ) 1/2 as above and essentially the infimum over these quantities. The formal definition is quite technical and we invite the interested reader to check Definition 4.3.16 in [29] . The following lemma is immediate from our computation. Lemma 2.6. The length of the metric measure space (SL n (q), d, µ n ) is at most 2n −1/2 .
Any estimate on the length of a metric measure space can be used directly to get explicit bounds on the concentration phenomena, such as in the following standard lemma, whose proof is inspired by the proof of Theorem 4.3.18 in [29] . Lemma 2.7. Let (G, d, µ) be a metric measure space of length L and let ε be a positive real. Then for any measurable subset A ⊂ G satisfying µ(A) > 2e −ε 2 /L 2 we have
If λ ≥ 2ε, then for every x ∈ A we have that |d A (x) − λ| = λ ≥ 2ε and the above inequality would give us a contradiction. Therefore we must have that λ ≤ 2ε and
Let us finish this section by applying the previously obtained bounds to deduce an explicit metric Ramsey theoretic result for the finite groups SL n (q).
As usual, we say that a covering U of a metric space X has Lebesgue number ε > 0, if for every point x ∈ X there exists an element of the cover U ∈ U such that the ε-neighborhood of x is contained in U. A covering that admits a positive Lebesgue number ε will be called a uniform covering or ε-covering. Uniform coverings have been studied in the context of amenability, extreme amenability, and Ramsey theory in [32, 33] . Our main result in this section is a quantitative form of the metric Ramsey property that is satisfied by the finite groups SL n (q) -resembling the fact the A(q) is extremely amenable. Theorem 2.8. Let ε > 0, q be a prime power, and k, m ∈ N. If we set N := 64ε −2 max{log(2k), log(2m)} then for any n > N and any ε-cover U of SL n (q) of cardinality at most m the following holds: for every subset F ⊂ SL n (q) of cardinality at most k, there exists ∈ SL n (q) and U ∈ U such that F ⊂ U.
In order to illustrate the result, consider the case k = 3, m = 2. We may think of a covering by two sets as a coloring of SL n (q) with two colors, where some group elements get both colors. This covering is uniform if for every element ∈ SL n (q) the ε-neighborhood of can be colored by one of the two colors. Now, if n > 128 · ε −2 , any subset of three elements {a, b, c} ⊂ SL n (q) has a translate { a, b, c} colored in the same color. This is in contrast to (R/Z, +) equipped with its usual metric, since it is easy to see that this group does not admit any uniform covering.
Proof of Theorem 2.8. Let U be the covering and for every U ∈ U we set U 0 := {x ∈ SL n (q) | B(x, ε) ⊂ U}. By assumption, the collection V := {U 0 | U ∈ U} still forms a covering of X. If the cardinality of the covering is at most m, there must be one element V ∈ V in the new covering with µ n (V) ≥ 1 m . Take U ∈ U such that U 0 = V and observe that the ε-neighborhood of V is also contained in U. If n > 64 log(2m)ε −2 then 1/m > 2e −ε 2 n/64 and hence Lemma 2.7 implies that
For a subset F ⊂ SL n (q) we have
and thus if |F| ≤ k, we get that µ({ ∈ SL n (q) | F ⊂ U}) ≥ 1 − 2k exp(−ε 2 n/64). Hence, some element ∈ SL n (q) as desired will exist as soon as n > 64ε −2 max{log(2k), log(2m)}.
Topological simplicity of the central quotient
In this last section, we will determine the center of A(q) and we will prove that A(q) is topologically simple modulo its center.
As we remarked in the introduction A(q) is isomorphic to the group of invertible elements of M(F q ). Therefore for every α ∈ F × q the "diagonal matrix" whose non-zero entries are equal to α is an element of A(q) and it is in the center. Let us denote by Z ⊂ A(q) the group of diagonal matrices with constant values, Z F × q . We claim that Z is actually the center of A(q) and that A(q)/Z is topologically simple. Note that the quotient A(q)/Z can be understood as the completion of the metric inductive limit of the corresponding projective linear groups with respect to the projective rank-metric as studied in [35] .
To prove the claim, we will need the following theorem of Liebeck and Shalev which follows from [23, Lemma 5.4], see also [35] for a discussion of the results of Liebeck-Shalev in the context of length functions on quasi-simple groups.
Theorem 3.1 (Liebeck-Shalev). There exists c ∈ N such that for every n ∈ N and for every ∈ SL n (q) with δ := min{d( , z) | z ∈ F × q } > 0, we have C SL n (q) ( ) ⌈c/δ⌉ = SL n (q).
For an element of the group H, we denote by C H ( ) its conjugacy class. As a corollary of this theorem we obtain the following.
Proposition 3.2. For every
Before proving the propostion, let us remark that the proposition implies our claim. Let N < A(q) be a closed normal subgroup which contains strictly Z and take x ∈ N \ Z. By the previous proposition, there exists m ∈ N such that C A(q) (x) m is dense, which implies that N is dense and therefore N = A(q).
Proof of Proposition 3.2. For every ε < δ/2, we consider an element ′ ∈ A 0 (q) with d( , ′ ) ≤ ε. Let n 0 be such that ′ ∈ SL 2 n 0 (q). By Theorem 3.1 for every n ≥ n 0 we have C SL 2 n (q) ( ′ ) m = SL 2 n (q) for m := ⌈c/δ⌉, whence
This means that for any element k ∈ A(q), there exist h 1 , . . . , h m ∈ A(q) such that
Since the rank-metric is bi-invariant we obtain that
Remark 3.3. Since the center of A(q) is Z = F × q , we can conclude that A(q) is isomorphic to A(q ′ ) if and only if q = q ′ . One could ask also if the quotient group A(q)/Z depends on q. The question seems harder, but one can study centralizer of elements in A(q)/Z as in [37] to deduce that this group depends at least on the characteristic of the field.
On 1-discrete subgroups of A(q)
In this section we want to study discrete subgroups of A(q). In fact, we will focus on subgroups Γ ⊂ A(q) so that d(1, ) = 1 for all non-identity elements of Γ -we call such a subgroup 1-discrete in the metric group (A(q), d). Since the diameter of (A(q), d) is equal to 1, 1-discrete subgroups should play a special role in the study of the metric group (A(q), d). Let us start with amenable groups. Proposition 4.1. Every countable amenable group is isomorphic to a 1-discrete subgroup of A(q).
Proof. Let Γ be a countable amenable group and suppose at first that there is a sequence of Følner sets (F n ) such that F n+1 = F n D n where D n ⊂ Γ is a finite subset, so that the family {F n c | c ∈ D n } consists of pairwise disjoint subsets. For every h ∈ Γ and n ∈ N, we define L h n := { ∈ F n | h ⊂ F n } and we observe that for every ε > 0 and h ∈ Γ, there exists N ∈ N such that for every n ≥ N, we have |L h n | > (1 − ε)|F n |. We define elements h n ∈ M |F n | (F q ) as the usual action by permutation on the left on L h n and 0 on the complement. It is now easy to observe that (h n ) n is a Cauchy sequence for every h ∈ Γ and hence we can define a maximal discrete embedding of Γ into the group of invertible elements of the completion of the inductive limit of matrices of size |F n |, which as explained in the introduction, by the result of Halperin [19] , is isomorphic to A(q).
For a general countable amenable group we will use Ornstein-Weiss theory [28] . In fact the proposition follows from a similar argument using as Følner sets which are quasi-tiling [28, page 24, Theorem 6]. Or one can also observe that A(q) contains the inductive limit of symmetric groups which is the full group of the hyperfinite equivalence relation, which by [28] , contains any amenable group as maximal discrete subgroup.
The aim of this section is to show the following theorem. Theorem 4.2 follows form Elek's work [11] and [10] . In fact, Elek showed that any amenable skew-field embeds as a discrete sub-algebra of M(F q ) and by [17] , there exist amenable skewfields with free subgroups. However we do not need the full strength of Elek's results and we will construct an explicit embedding of a skew-field containing a free group into M(F q ).
Note that the analogous result is not true in the setting of II 1 -factors, i.e., the free group on two generators is not a 1-discrete (which in this case should mean that different group elements are orthogonal with respect to the trace) subgroup of the unitary group of the hyperfinite II 1 -factor. Moreover, the preceding result seems to yield the first example of a discrete non-amenable subgroup of an amenable Polish group, whose topology is given by a bi-invariant metric. It is an open problem, if the free group on two generators (or in fact any discrete non-amenable group) can be a discrete subgroup of the unitary group of the hyperfinite II 1 -factor or the topological full group of the hyperfinite equivalence relation.
The proof of Theorem 4.2 is based on the following lemma, which is inspired by Elek's canonical rank function, see [9] . Lemma 4.3. Let Γ be a finitely generated amenable group and suppose that there is a sequence of Følner sets (F n ) such that F n+1 = F n D n where D n ⊂ Γ is a finite subset. Consider the embedding Φ : Γ → M(F q ) given in Proposition 4.1. Then for every element a of the group algebra F q Γ which is not a zero-divisor, the element Φ(a) ∈ M(F q ) is invertible.
Proof. Let us fix a non zero-divisor a ∈ F q Γ. Let us denote by S ⊂ Γ the support of a. For every n, as in Proposition 4.1, we define L a n := { ∈ F n | S ⊂ F n } and we observe that for every ε, there exists N ∈ N such that for every n ≥ N, we have |L a n | > (1 − ε)|F n |. Observe also that a is the limit of the elements a n which acts on L a n as left translation. We claim that the vectors {a n } ∈L a n are linearly independent. In fact if 1 , . . . , k ∈ L a n and α 1 , . . . , α k ∈ F q are such that i a(α i i ) = 0 then a( i α i i ) = 0 and whence a is a zero-divisor in F q Γ. So the rank of a n is at least 1 − ε and hence the rank of a is 1 and therefore it is invertible.
Proof of Theorem 4.2. Let Γ be an elementary amenable, torsion free group which satisfies the hypothesis of Lemma 4.3. By [24, Theorem 2.3], every non-zero element of the group algebra F q Γ is a not a zero-divisor. By Tamari [36, Example 8.16], we know that group rings of amenable groups which do not contain zero-divisors satisfy the Ore condition, for more about the Ore localization see [34] . Hence the Ore completion of F q Γ, denoted by Q(F q Γ) is a skew-field. Consider the embedding Φ : Γ → M(F q ) defined in Proposition 4.1 and extend it to F q Γ. Observe that by the universality of the Ore completion and by Lemma 4.3, Φ extends to a map Φ : Q(F q Γ) → M(F q ). When Γ is also nilpotent, for example when Γ is the Heisenberg group, Q(F q Γ) has free subgroups by Theorem 5 of [17] . This concludes the proof.
It is plausible that for every maximal discrete embedding of a non amenable group into M(F q ) the conclusion of Lemma 4.3 cannot hold.
